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Abstract. We establish the local well posedness of solution to the non- 
linear Schrodinger equation associated to the twisted Laplacian on C" in 
certain first order Sobolev space. Our approach is based on Strichartz type 
estimates, and is valid for a general class of non linearities including power 
0^ I type. The case n = 1 represents the magnetic Schrodinger equation in the 

plane with magnetic potential A{z) = iz, z € C. 

< 

■ 1. Introduction 

The free Schrodinger equation on M" is the PDE 
^ + A?/;(x,t) = 0, X e M", t e 

^ . which gives the quantum mechanical description of the evolution of a free 

. particle in M". If tp is the solution of the Schrodinger equation, then \'il}[x,t)\'^ 

^ . is interpreted as the the probability density for finding the position of the 

O ■ particle in M" at a given time t. Let us consider the initial value problem 



(N 



X 



idtu{x,t) + ^u{x,t) = 0,xeW\te 
[1.2) u{x,0) = fix). 



H ■ For / G L2(R"), the solution is given by the fourier transform: 

u{x,t)= [ e-^*l«l e^"^ 
This may be written as 

u{x,t) = e^*^/(x) 

interpreting the fourier inversion formula as the spectral decomposition in 
terms of the eigenf unctions of the Laplacian, see [T5].[T6]. 

More generally for any self adjoint differential operator L on M", having 
the spectral representation L = J^XdPx, we can associate the Schrodinger 
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propagator {e : t G M} given by 

(1.3) e-**^/= [ e-''^dPx{f) 

J E 

for / G L^(M"'). Here (iPx denote the spectral projection for L. i.e., a projec- 
tion valued measure supported on the spectrum E of L, see [2]. 

In this case, the function u{x, t) = e~**'^/(x) solves the initial value problem 
for the Schrodinger equation for the operator L: 

(1.4) idtu{x,t) - Lu{x,t) = 0,xeR'',teR 

(1.5) u{x,0) = fix) 

with L now representing the corresponding Hamiltonian of the quantum me- 
chanical system. 

The significance this view point is that, most Hamiltonians of interest, 
namely the perturbation of the Laplacian with a potential V, (of the form 
L = —A + V) or the magnetic Laplacian corresponding to the magnetic po- 
tential {Ai{x), ...,An{x)) (of the form L = X]j=i (^^a^j + ^i(^))^) '^^ ^"'^ can 
be analysed with our approach, in terms of the spectral theory of the Hamil- 
tonian. 

In this paper, we concentrate on Schrodinger equation for an interesting 
magnetic Laplacian, namely the twisted Laplacian on C"; also known as the 
special Hermite operator. The twisted Laplacian C on C" is given by 

1 " — — 

where Zj = £- + Zj = - J- + ^Zj, j = 1, 2, . . . n. Here £- and J- denote 
the complex derivatives 7^ =F^7r~ respectively. The operator C may be viewed 
as the complex analogue of the quantum harmonic oscillator Hamiltonian H = 
—A + |xp on M", which has the representation 

1 " 

in terms of the creation operators Aj = — ^ + Xj and the annihilation op- 
erators A* = -£r + 3 = 1,2, . . .77,. The operator £ was introduced by R. 
S. Strichartz [16], and called the special Hermite operator and it looks quite 
similar to the Hermite operator on C": Infact 

. 1, ,2 -v^ ^ 5 d \ 



3 



This may be re written as 

n 



2n 



which is of the form ^ [{id^j — Aj{w)y~\ hence represents a Schrodinger op- 

erator on C" for the magnetic vector potential A{z) = iz, z E C". 

The Schrodinger equation for the magnetic potential with magnetic field 
decaying at infinity has been studied by many authors, see for instance Yajima 
[2Tj . where he studies the propagator for the linear equation. In contrast, the 
nonlinear equation in our situation corresponds to a magnetic equation with 
a constant magnetic field, which has no decay. For more details on general 
magnetic Schrodinger equation corresponding to magnetic field without decay, 
see p. 

We consider the initial value problem for the non linear Schrodinger equation 
for the twisted Laplacian C : 

(1.6) idtu{z, t) - Cu{z, t) = G{z, t,u), z G C", teR 

(1.7) u{z,to) = f{z) 

where G is a suitable function on C" x M x C. When G = 0, and / G L2(C") 
the solution to this initial value problem is given by 

„(^,t) = e-^(*-*«)^/(z). 

When G{z,t,u) = g{z,t), the solution is given by the Duhamel formula 

(1.8) u{z, t) = e-'(*-*o)^/(z) - t f e~'^'''^'^g{z, s)ds. 



J to 

Thus in the linear case, the solution is determined once the functions / and g 
are known. 

For simplicity, we take to = 0. The basic idea in the nonlinear analysis is 
the following heuristic reasoning based on the above formula. If the solution u 
is known, then one would expect u to satisfy the above equation with g{z, s) 
replaced by G{z, s, u{z, s)): 

(1.9) u{z, t) = e-''^f{z) - i [ e-'^'-'^^G{z, s, u{z, s))ds. 

Jo 

Indeed one can show that u from a reasonable function space satisfies a PDE 
of the form (11.61) . (11. 7p . if and only if u satisfies an integral equation of the 
form (II. 9p . see Lemma [5. II for a precise version of this fact. 
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This reduces the existence theorem for the solution to the non hnear Schrodinger 
equation to a fixed point theorem for the operator 

(1.10) niu){z, t) = e-''^f{z) - i [ e-'^'-'^^G{z, s, u{z, s))ds 

Jo 

in a suitable subset of the relevant function space. 

The non linearity G, that we consider is a function of the form 

(1.11) G{z, t, w) = ^{x, y, t,\w\) w, [x, y,t,w) eW xW xRx C, 

where z = x + iy e C", t e R,w e C and ijj : W x W x R x [0,oo) ^ C is 
assumed to satisfy the following condition: The function F = ip, dxip, dyifj and 
\w\d^'ilj{x,y,t, \w\), satisfy the inequality 

(1.12) \F{x,y,tM)\<C\w\'^, 

for some constant G and a G [0, ;;^)- 

The class of non-linearity given by (11.111) . (11.121) includes in particular, power 
type non linearity of the form Moreover, the above class seems to be the 

most general form of non linearity adaptable to the Schrodinger equation for 
the special Hermite operator, for local existence via Kato's method [5]. The 
main difficulties in this approach is caused by the non commutativity of C with 
and the non compactibility of C with the powertype non-linearty as 
observed in However we are able to overcome this difficulty by introducing 
the appropriate set of differential operators Lj, M,-, j = 1,2, ...n and working 
with a suitable Sobolev space defined using these operators, see sec [31 

We follow Kato's approach, using Strichartz estimates [15], as indicated 
above, to establish local existence. The advantage of Kato's method is that, 
it is useful, even when the conservation laws are not available. The main 
Strichartz estimate for the Schrodinger propagator for the twisted Laplacian 
(i.e., the special hermite operator ) has already been proved in [13]. We also 
need some more relevant estimates like the associated retarded estimates etc, 
which we prove here, (Theorem 12.41) . 

There is a vast literature available for well posedness results for non linear 
Schrodinger equation on W^. See for instance the papers by Ginebre and Velo, 
[7], [8], Kato [9], the result of Cazenave and Weisler [5], the books by Cazenave 
[3] and Tao[20] and the extensive references there in. Some of the references 
that we came across dealing with magnetic Schrodinger equation are [21], [1] 
and [1] as mentioned before. In fact, the stability result discussed in [1], is 
actually the stability problem for the nonlinear Schrodinger equation for the 
twisted Laplacian in the plane. 
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Our main results in this paper is the well posedness for the non linear 
Schrodinger equation for the twisted Laplacian, in the Sobolev space VF^'^(C"), 
(see sec [3] for the definition) and is given by the following two theorems: 

Theorem 1.1. (Local existence) Assume that G is as in ( II. lip . ( I1.12p and 
u{z, 0) = f{z) G W^'^i^C"-). Then there exist a number T = T(||no||) such that 
the initial value problem (11. 6p . (II. 7p has a unique solution u G C([— T, T]; VF^'^(C")). 

Note that the interval [-T,T] given by Theorem 11.11 need not be the maxi- 
mal interval on which the solution exist. Now we discuss the uniqueness and 
stability in W^''^{C^) on the maximal interval denoted by (T_,T+). 

Definition 1.2. Let {fm} be any sequence such that fm f W^''^{C"') 
and let Um be the solution corresponding to the initial value fm- We call the 
solution to the initial value problem (II. 6p (11.71) stable in VF^'^(C") if Um ^ u 
in C{I, W^'"^) for any compact interval / C (T_, T+). 

Theorem 1.3. The local solution established in Theorem 11.11 extends to a max- 
imal interval {T^,T^), where the following blowup alternative holds: either 
\T±\ = oo or lim ||u(t, ■)||^yi,2 = oo. More over, the solution is unique and 

stable in C{{T^,T+),W^'^). 

Remark 1.4. In the definition of stability we can consider only the compact 
intervals and not the maximal interval. In fact Um may not be defined on the 
maximal interval (T_, T4.) for u. Also by blow up alternative u may not be in 
L°°((r_,r+),l^i'2). 

The paper is organised as follows. In Section [2] we discuss the spectral the- 
ory of the twisted Laplacian C and introduce the Schrodinger propagator e**''', 
and prove the relevant Strichartz estimates. In Section [3] we introduce certain 
first order Sobolev spaces associated to the twisted Laplacian, prove an em- 
bedding result in spaces and other auxiliary estimates. The proofs of the 
main theorems are presented in section |H 

Acknowledgements: This work is part of the Ph. D. thesis of the second 
author. He wishes to thank the Harish- Chandra Research institute, the Dept. 
of Atomic Energy, Govt, of India, for providing excellent research facility. 

2. Spectral theory of the twisted Laplacian 

The twisted Laplacian is closely related to the sub Laplacian on the Heisen- 
berg group, hence the spectral theory of this operator is closely connected 
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with the representation theory of the Heisenberg group. Here we give a brief 
review of the spectral theory of the twisted Laplacian C The references for 
the materials discussed in this section are the following books: FoUand [6], and 
Thangavelu [H], [H]. 

The eigenfunctions of the operator L are called the special Hermite func- 
tions, which are defined in terms of the Fourier- Wigner transform. For a pair 
of functions /, G L^(]R"), the Fourier- Wigner transform is defined to be 



where z = x + z?/ G C^. For any two multi-indices /i, v the special Hermite 
functions are given by 



where /i^ and hy are Hermite functions on M". Recall that for each nonnegative 
integer fc, the one dimensional Hermite functions are defined by 



Now for each multi index z/ = (z/i, ■ ■ ■ , z/„), the n-dimensional Hermite func- 
tions are defined by the tensor product : 

hu{x) = Hj_]^/ity^ (Xj) , X = (xi, ■ ■ ■ , Xn)- 

A direct computation using the relations 



satisfied by the Hermite functions hk show that = {2\u\ Hence 

^^^u are eigenfunctions of C with eigenvalue 2\iy\ + n and they also form a 
complete orthonormal system in L^(C"'). Thus every / G L^(C") has the 
expansion 



in terms of the eigenfunctions of C. The above expansion may be written as 





(2.1) 




oo 



(2.2) 




k=0 



where 

(2.3) Pkf= Yl (/'"^M,^)"^/^- 

fi,\u\=k 

is the spectral projection corresponding to the eigenvalue 2k + n. Now for 
any / G L^(C'") such that Cf G ^^(0"), by self adjointness of £, we have 
Pk{Cf) = {2k + n)Pkf. It follows that for / G ^^(C") with Cf G L2(C") 



(2.4) £/ = ^(2A; + n)Ffc/. 

fc=0 

Thus, we can define e~**'^ as 

oo 

(2.5) e-''^f = J2 e-'^^'^'+'^Pfc/. 

k=0 

Note that Pfc/ has the compact representation 

P,/(z) = (27r)""(/x(^,)(^) 

in terms of the Laguerre function (pk{z) = L^~^{^\z\'^)e~^^^^'^ , see [I7j. Hence 
formally we can express e**'^ as a twisted convolution operator: 

for / G iS(C") where Kit{z) = -^^^e"^ 4^^. Crucial to the local existence 
proof is a Strichartz type estimate for the Schrodinger propagator for the 
twisted Laplacian. We start with the following definition 

Definition 2.1. Let n> 1. We say that a pair (g, p) is admissible if 

1 fl l\ 

2 < < 00 and - > n\ >0. 

q- \2 p)- 



Remark 2.2. The admissibility condition on {q,p) implies that 2 < p < 



2n 

n-1" 



The Strichartz type estimate for the Schrodinger propagator for the twisted 
Laplacian has been established in [13] and we state here a variant of the lemma 
on the convolution on the circle proved there. The proof follows exactly as in 



Lemma 2.3. : Let K G weak L^([— a, a]) for some p > 1 and let T be the 
operator given by 

Tf{t) = I K{t- s)fis)ds. 

J [—a, a] 

Then the following inequality holds 

< C,<||/||,, forg = 2p 
with Ck = C[K]p, where [K]p denotes the weak L^([— a, a]) norm of K. 
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We use the compact notation Ljfrpj,-^ or simply L^'^ for L'^([— T, T], L^(C"')) 
and L^'°° for the mixed space L°°([— T, T], L^(C")). The main Strichartz 
type estimate we require is compiled in the following 

Theorem 2.4. Let / G ^^(C") and g G L'?'([-a, a]; Lp'(C")) where {q,p) denote 
an admissible pair with q' and p' denoting the corresponding conjugate indices. 
Then for < a < oo, the following estimates hold over [—a, a] x 



(2.6) 
(2.7) 

(2.8) 



-itC 



fh.. < C\\fh 



-'^'-''^^g{z,s)ds 



< C\\g\ 



< C\\g\ 



with a constant C is independent of / and g. 

Proof. The proof of the estimate (12. 6 P given in [13] for a = tt, works for 
any a < oo, and relies on the following dispersive estimate for the complex 



semigroup e 



(2.9) 



-(r+it)C 



[see [13]): 



"^'^+**^''/(^)||p<2|sint|-2"(5-^) 



valid for all / G Lp(C"), 2 < p < oo, r > combined with a limiting argument 
as r — 0. 

Now we will give a direct proof of (12. 9p for r = 0, essentially using the regu- 
larization argument used in [TS], to deduce (12.71) and (12. 9p . The regularisation 
technique was first introduced in [11], [12], see also [Hj. The results in these 
cases do not follow by the general Strichartz estimates established by Keel and 
Tao in [TUj by lack of dispersive estimate for the kernel for the Schrodinger 
propagator in these cases. 

For / G L-^ n L^(C"), we have the isometry ||e^**^/||2 = H/lh- Hence, using 
the series expansion for e"^*""*"**)^/ and appealing to the dominated convergence 
theorem for the sum, we can see that for any sequence r„ — )■ 0, Q-i'^n+it)c j _^ 

_^ ^~itCj!(^^^ fQj, almost all z G C"- 



e-'^^f in L2(C"), it follows that e-(^+^*)^/(z) 



as r — 0. 



< 



11 from 
Now the 



This gives the inequality ||e f{z)\\L<^^c") ^ 
the corresponding inequality for the complex semigroup e"^'"*"**)^ 
inequality (12. 9 p for r = follows by interpolating this with the isometry. 

The estimate (12. 7p can be deduced from the inequality (12.91) with f{z) re- 
placed by g{z,t) for each t, and the Lemma 12.31 In fact using Minkowski's 



inequality for integrals and (12. 9 p with r = 0, we get 



<t-^)^g^Z,s)ds 



< 



LP 



^^\\9{-,s)\\LP'ds. 



|sin(t-s)|2"(2-p) 



Also for p < we have | sint| ""-^ p' g weak LP[—a, a], for any p < ^^xttt- 
Hence by Lemma [2.31 we see that 



s)ds 



< C\\g\ 



LP'i 



for any q = 2p > 2. Since 2p < i , the above inequality is valid for any 

admissible pair, hence (12. 7p 

To prove (12 .80 take h G 5(C'^). By Holder's inequality and estimate (12.61) 

ct pa p 

dzds 



C" Jo 



A*-')'^g(z,s)dsh{z)dz 



< 



< WsWlp'.i' e 



g{z,s) e-^(*-^)^/i(z)) 



I LP'i 



< c||^/|L,vl|M^)||2. 

Taking supremum over all h with ||/i||2 = 1 we get the required estimate. □ 



3. Some auxiliary regularity estimates 

In this section we establish some auxiliary estimates used in the existence 
proof. The regularity of the solution is obtained through certain first order 
Sobolev space W^'^ naturally associated to the one parameter group {e**"^ : 
t G M}, which we now introduce. Let Lj and Mj be the differential operators 
given by 

= (i- + f ) • = (|- - f ) • ^" = 2' 

Definition 3.1. Let m be a non negative integer and 1 < p < oo. We say 
/ G W™'P(C") if 5"/ G LP(C") for |a| < m where 5° = H^^^^f ' with Si = U 
for 1 < z < n, 5, = Mi for n + 1 < < 2n, and |a| = ai + ■ ■ ■ + agn- IV"'P(C") 
is a Banch space with norm given by 

||/||^„„ = max{||5"/|Up: |a| < m}. 

In particular, / G W^^^iV^) iff /, Ljf and M^/ are in Lp(C") for 1 < j < n 
and the norm in PF^'P(C"') is given by 

\\f\\w^,p = max{||/||LP, \\Ljf\\LP, ||Mj/||lp, j = 1,2, . . . 
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Remark 3.2. The differential operators Lj and Mj are the natural ones adapt- 
able to the power type nonlinearity G{u) = \u\°'u and the generality that we 
consider here, see Lemma 13751 and Proposition [3771 The natural choice, namely 
the standard Sobolev space Vt^^'^(C") defined using the twisted Laplacian C 
(see [IHj), is not suitable for treating such non linearities. 

Remark 3.3. An interesting relation between the Sobolev space W^'^{C^) and 
the ordinary Lp Sobolev space W^'PiC") is the following: Hue ^^'^'^(C"), 
then G Vr™'P(C") for m = 1. This observation is crucial in the proof of the 
following embedding theorem for the Sobolev space W^'"^. 

Lemma 3.4. [Sobolev Embedding Theorem] We have the continuous inclusion 
^1,2 ^ i:p(C") for 2 < p < ^ if n > 2, 



n-l 

for 2 < p < oo if n 



Proof. For u G iS(C"), we have 
d , . 



91 I ^ I I 

l\u\— — \u\ 



Hence 



dxj 
d , 



[uu] 



23? u 



\u\ 



d_ 

dx. 



d 



-u 



23? u 



,_d_ 

'dXj 



u 



Wj- 



u\ dxi 



u 



on the set {{z, t) G C" x M | u{z, t) 0}. Therefore, 



\U\ 



< \Lju\. Similarly 



we get 



\u\ 



< \Mju\. This implies that 

\\\u\\\m < (2n + l)||M||^i,2, fornG5(C"). 

Now by density of iS(C") in and W^'"^, the same inequality holds for all 
u G W^'"^. Hence the result follows from the usual Sobolev embedding theorem 
on M^n. □ 



Lemma 3.5. The operators Lj and Mj commutes with both the operators e" 
and [ e~'^'-'^^ds, for j = l,2,...,n. 



-itC 



Proof. For / G C^(C"'), we have e ^^^f{z) = / x Ku, where Ku denotes the 



Schrodinger kernel: Kit{z) 



(47ri)" 
(sint)" 



■e""i 1^1 . A direct calculation shows that 



f{z - w) e^^^"-'^) 



du,, + -Vj ) / 



{z — w) 



z = X + iy,w = u + iv, from which the commutativity of Lj and e~**^ follows. 
A similar calculation also shows the commutativity of Mj and e"**"^ for j = 
1, 2, . . . , n in C^(C"). From the above computation, it follows that the above 
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commutativity holds in Lj^^i^C"-), treating the locally integrable function as a 
distribution. ^ 

The commutativity of / e"**-*"^-*^ with Lj and Mj is also a consequence of 

Jo 

the above observation. □ 

For local existence, we need to establish the existence of a fixed point for 
the operator "H, defined by 

■H{u){z,t) = e~''^f{z) -i [ e-'^'-'^^G{z,s,u{z,s))ds. 







In the next two results, we prove some essential estimates required for this. 
Lemma 3.6. Let / G W^''^{C'^). Then the following estimates hold: 

(3-1) l|e **'^/llL«!(^[_T,T];iyi.2(C")) ~ ll/lliyi.2(cn) 

(3-2) ||e **^/|liq(^[_r^7-].l4/l,p(C")) — C'||/||j^l,2(cn) 

for admissible pairs {q,p), with a constant C is independent of /. 
Proof. Since both Lj and Mj commutes with the isometry e~**^, we have 

for every t G M with S = Lj, or Mj, j = 1,2, ...,n from which the equation 
(13.11) follows. Estimate fl3.2p follows from the Strichartz type estimate fl2.6l) 
for e**"^ using the above commutatiity. □ 

Proposition 3.7. Let G{z,t,w) and a be as in (11.111) . (I1.12p and {q,p) an 
admissible pair with p = a + 2, q>2 and 5* as in Lemma 13.61 If n G 
L°°([-T,T];iyi'2(C")) nL''([-T, T]; W^1'P(C'^)), then 

G{z,t,\u{z,t)\) G ([-T,T];W^i'^'(n) 

and the following inequalities hold: 

(3.3) \\G{z,t,\u{z,t)\)\\^,,,,, 

q — ql 

< CT 11' ||n(2;,t)||2^(j_y^^j_,;j,i,2(j,„^)||M(2;,t)||L9([-T,r]:LP(C"))- 



(3.4) \\SG{z,t,\u{z,t)\)\ 



Lv',i' 
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Proof. Since G{z,t,u{z,t)) = ■ip{z,t,\u{z,t)\)u{z,t), and j + = an 
application of the Holder's inequality in the t variable shows that for q > 2 

(3.5) \\G{z,t, |m(2;, ^)|)||j^9'([_T^r].J^p'(Cn)) 

q — q' 

< {2T)^\\lp{z,t, \u{z,t)\)u{z,t)\\Li([-T,T];LP'{Crr)). 

By an application of Holders inequality in the z- variable, using 2- + ^ = 1, 
we see that for a.e. t G [—T, T] 

\\'l/j{z,t, \u{z,t)\)u{z,t)\\LP>(^c") < l^(2;,t)|)||^g(c") \Hz,t)\\LP(^c-) 

< C\\u{z,t)\\'^,^^^^„^\\u{z,t)\\Lv^c-) 

(3.6) <C||n||^^^j_^^^j^^,,^||n(z,f)|U.(cn). 

where we used the condition f ll.l2p on i/j and Lemma [33] in the second inequal- 
ity. Now taking norm with respect to t on both sides, and substituting in 
the RHS of inequality (13. 5p gives estimate (13. 3 p . 
To prove the inequality (13. 4p . we first observe that 

Lj['ipix,y,t,\u\)u] = ^lj{x,y,t,\u\) LjU 

(3.7) + u{dAij){x,y,t,\u\)'R[-^Lju]+u{d:^.'ilj){x,y,t,\u\) 



Mj[tjj{x,y,t,\u\)u] = tp{x,y,t,\u\) MjU 



\u\ 



u 



(3.8) + u{d4ilj){x,y,t,\u\)^y—Mjuj + u{dy.ilj){x,y,t,\u\) 

Thus we see that for S = Lj and Mj, \SG\ satisfies an inequality of the form 

\SG\ < \ip{x,y,t, \u\) Su\ + \ipi{x,y,t, \u\) Su\ + \ijj2{x,y,t, \u\) u\ 

where i/ji{x, y, t, \u\) = ud^i/j and ■?/'2(a^, y, t, \u\) = udxjip or udy.i/j depending on 
S = Lj or Mj. Moreover, by assumption (I1.12p on ip, we have li^iix, y, t, \u\)\ < 
C\u\°', i = 1,2. Hence, using arguments as in inequalities (13. 5p and (13. 6p . we 
get 

\\SG{Z, t, \u{z, Lq' (^[_T,T];LP' (C^)) 

i2\\Su{z,t)\\Li[-T,T]:LP{C'') + \\u{z, t)\\ Lg[_T,T]:LP{C")) ■ 

q — ql 

— '''' 11^(^1 '^)llL°°([-T,T],iyi.2(cn))ll''^(^)^)llL9[_T,r]:M^i'P(C") 

which is the inequality (13.40 . □ 
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Proposition 3.8. Let G{z,t,w) be as in (11.111) and a be as in assumption 
(inZD, u G L°°([-T,T]; W^i'2(C")) H Li{[-T,T];W^'P{C'')) where (g,j9) is an 
admissible pair with p = a + 2 and q > 2. Then for |t| < T, we have 



(3.9) 



Li{[-T,T];LP{C")) 



|L9([-T,T],Lp(C")) 



(3.10) 



-^(*-^)^G'(z,s,w(z,s))ds 



L'J([-T,T];iyi'P(C")) 



< CT—\\u(z, 



lL°°([-T,r];H'i.2) 



' ''JllL'J([-T,r],H'i'P(C")) 



Proof. It follows from Proposition [3?7l that (^(z, t, |w(z, t)\) and SG{z, t, \u{z, t)\) 
are in L''' ([— T, T]; L^' (C"")) for admissible pairs {q,p) with p = a + 2, > 2. 
Since (g,p) is admissible, by estimates (12. 7p and (13.31) . we get 



e-'^'-'^'^G{z,s,u{z,s))ds 



< C \\G{z, s, \u{z, s 



LP-1 



(3-11) <CTW ||M(2,tJ||;£^(j_y^^j.,^i,2)||Ml2,tJ||LP,, 

which is inequality (13.91) . 

Again by commutativity of Lj and Mj with e~^^^~^^'-'ds and the fact that 
SG{z,s,\u{z,s)\) e L"' ([-T,T];LP'(C")), for 5 = Lj,Mj,j = 1,2, we 
get as above 



S / e~'^'-'^^G{z,s,u{z,s))ds 
Jo 

< G\\SG{z,s, \u{z,s)\)\\^p>.,' 

q — qf 

(3.12) < GT 91' ||li(2,t)||2oo([_7-^'r].^l,2)||w(2,t)||iq([_r^5^]^^l,p(Cn-)) 

and the inequality (I3.10p follows from the above two estimates. □ 

Proposition 3.9. Let G{z,t,w),a,u be as in Proposition 13.81 and {q,p) an ad- 
missible pair with p = a + 2 and q > 2. Then for |t| < T, we have 



(3.13) 



<'-'^^G{z,s,u{z,s))ds 

L°°{[-T,T];L^{C")) 
< GT^ \\u{z, t) |l2oo([_r,T];Tyi.2) ^) IUn[-T,T],LP(C")) 



14 



P. K. RATNAKUMAR AND VIJAY KUMAR SOHANI 



(3.14) 



'i{t-s)C 



G{z, s, u{z, s))ds 



L°°{[-T,T];VFi'2(C")) 

q — qf 

< CT 11' ||'u(2;,t)||2oo^j_y^^j.^i,2)||li(2^,i)||_L9([-T,T],iyi.P(C")) 

Proof. The proof follows exactly as in Proposition 13.8^ by using fl2.8p instead 
of ([221) in inequalities flCTD and ^12^ . 



□ 



4. Local existence 



In this section we prove local existence of solutions in the first order Sobolev 
space W^'"^. We follow Kato's approach using Strichartz estimates. The key 
step is to identify a subset in L°°{[—T, T]; ly^'^C"), for a suitable T, where the 
operator H is a contraction. We proceed as follows: 

For given positive numbers T and M, consider the set E = Et,m given by 



E 



ueL'^ { [-T,T];W'^') n LU[-T,T],W 



rl.p 



I ""I I L°°([-T,T], 14^1.2) - 



Introduce a metric on E, by setting 

d{u,v) = \\U - t'||L°o([-T,T],L2) + \\u - v\\li{[-T,T],Lp)- 

Proposition 4.1. {E,d) is a complete metric space. 

Proof. Let {um} be a Cauchy sequence in {E, d). By passing to a subsequence if 
necessary, we see that {«„(■; t)} is Cauchy in L^(C", dz) as well as in L'?(C"', dz) 
for almost all t. Going for a further subsequence and appealing to an almost 
everywhere convergence argument in 2;-variable, we conclude that they have 
the same almost everywhere limit, say u{-,t) G fl L^(C") for almost all t. 
We need to show that u G L°°(/; W^^'2(C")) n L«(/; V^1'P(C")) with 



max{||M||L2,°o, ||LjM||i2,oo, ||MjM||j;,2,oo, j = 1, 2, n} < M 



and 



max{||w||LP,<j, ||LjM||LP,9, \\Mju\\LP.q, j = 1, 2, n} < M. 

Let S = Lj or Mj be as before and cp G C^{[-T,T] x C"). Then for fixed 
t G [— T, T], using the pairing (, )z in the z- variable, we see that 

\{u{;t),S*ip{-,t)),\ < \{{u-U^){;t),S*^{;t))\ + \{SuU-,t),v{-,m 
< \\lL{-,t) - U,n{-,t)\\LP(^C",dz)\\S*'f{-,t)\\Lp'^C'\dz) 
+ 1 1 SUm {■,t)\\LP{C",dx)\\^{-,t)\\Lp'{C",dz) 
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Integrating with respect to t, and applying the Holder's inequality in the t 
variable, this yields 

\{Su,ip)z,t\ < \\U - Um\\LP.i\\S*ip\\^p'.g' + II 5"^™ II LP."? II (/? II 

Since Um G E, \\Sum\\LP-i < M, thus letting m — t- oo we get 

\{Su,ip)z^t\ <lim.S\ip\\SUra\\LP'i\\'^\\Lp'-i' < ^11 II Lp'V • 
m— s-oo 

Taking supremum over all tp G C^{[—T, T] x C") with ||</'||^p',g' < 1 this gives 

\\Su\\Lm_T,T];LP) < M. 

For the pair (oo, 2), take if G C^(C"), and by the same arguments as before 

\{Su{-,t),(p):,\ < limSUp||S'M^(-,t)||i2(cn)||(/9||i2(cn) 

m—^oo 

for almost every t G [— T, T]. Taking supremum over all if G C^(C") with 
||v'||l2 < 1 this gives 

\\Su{-,t)\\L2(c") < lim sup 1 1 S'tim 1 1 L2.°° < M. 

m—^oo 

Taking the essential supremum over t G [—T,T], we get the desired estimate. 

□ 

Proof, (of Theorem ll.ip We employ the traditional method of using contrac- 
tion mapping theorem. Let u E E. From (11.101) and the estimates in Lemma 
and Proposition 13.81 we see that for all admissible pair {q,p), 

I'^'"'IIl'3([_T,T],W1.p) 



< ||e '*^/(2;)IL,([_T,T],Tyi.p) + /oe ^G{z, s,u{z, s)) ds 
<C||/|Um 

+ CT 99' ||tt(2;, t)||2^^j_y^yj.,;j^i_2)ll''^(2^; '^)llL9([-T,T],lyl^P(C"))• 



L'^([-T,T],W"l>P) 



11' 

A^-C||/||„>1,2 \ 9-.' 



Clearly, this quantity is at most M, provided T < ^ — cm'^+'=' 

The above inequalities are also valid for the pair (oo, 2) on LHS, by using 
Lemma 13.61 and Proposition 13.91 It follows that T-Lu E E = E^ m provided 



(4.1) T < To 



M-g||/ll vKM 



q-ql 



Now we show that for a given M, "H : Et^m — > Et^m is a contraction for 
small T, i.e. for T < ATq for some A < 1. 
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Let u,v & Et,m with T and M as in (14.11) . By mean value theorem on tjj we 
see that 



(4.2) 



\G{z, s, u) — G{z, s,v)\ < \u — vl'^^Ujv) 



where ^'(m,^;) = {\wd4'ilj{x,y, s,w)\ + \'ilj{x,y, s,w)\) \w=9\u\+ii~9)\v\ for some < 
6 < 1. Notice that in view of the condition (11.121) on -0, |\l/(tt, v) \ < C(|m|V|v|)". 
Thus an apphcation of Holders inequality in z-variable, using the relation 
^ + ^ = 1, followed by Sobolev embedding result (Lemma 13 ■4p gives 



{u- v)<^/{u,v)\\^p>,,- 



< CWilul + lvD'^iu-v) 



< CT^ \\(\u\ + \v\ 



(4.3) 



< CT~ u-v 



LP, 9 



\U — VWlp.i 



for 2 < g < oo. In view of the estimates (12. 7p . (14. 2 p and (14. 3p . the above lead 
to 

ft 



[Giu)-G{v)] iz,s)ds 







LP, 9 



< C\\G{z,s,u) -G{z,s,v) 



< CT^M'^Wu-vl 



(4.4) ^ U -t ivi \\U — '(7 II LP, 9 

for admissible pairs {q,p)- Similarly, using (12. 8p instead of (12. 7p , we also get 



-i{t-s)C 



[G{u) -G{v)]{z,s)ds 



(4.5) < Cr^M"||M-v||LP,9. 
We choose T = XTq, for some A < 1. Thus from (14. 4p and (14.51) . we have 

(4.6) d{n{u),H{v)) < 2G (XTo)"^ M"\\u - v\\lp,,. 



Taking A sufficiently small, we can make k = 2G {\Tq)~^ M"" < 1 and we 



get 



d{n{u),n{v)) < kd{u,v). 



This shows that Ti : Et,m — )■ Et,m is a contraction for T = XTq and hence T-L 
has a unique fixed point in i? = Ext^^m- 

Note that we can fix a choice for M and T as follows: In view of the relation 
rrj) between Tq and M, when / 7^ 0, we can choose M = 2C||/||y^i,2 and 



T= XTo = ACi 



" q-ql 



with Gi = (2C) 



V '9-9'^ tor any A < 1, i.e.. 



(4.7) M = 2C||/||^i,. andT< (2C)- 



\ ' q-nl 



nnf 
9-9' 



if / ^ 0. 
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qqi 

When f = 0, M can be any nonnegative number so that Tq = {CM°')'^ and 
T = XTq will work for any A < 2i'-i . In particular, we can take 

qq' 

(4.8) M = l andT< (2C)7^ if / = 0. 

Continuity: We will prove that ueC ([-T, T]; W^'^iC")) . Let Ua t and 



set Um = u{z, tjn), S = Lj, Mj or the identity operator as before. Then 



itC , 



+2 e-'^'~'^^SG{z, s, u{z, s))ds. 

Clearly (e"^*-^ - e~''^)Sf{z) ^ in L2(C") as ^ t. 

To deal with the other terms, we take h G L^(C") and estimate 



-i{tm-s)C 



SG{z, s, u{z, s))ds 



-i{t-s)C 



SG{z, s, u{z, s))ds, h 



{e-'^'^-'^^SG{z, s, u)) - e-'^'-'^^SG{z, s, u)ds, h) 

{SG, (e^^*--^)^ - e^(*"^)^)/i) ds 

< \\SG\\L,>,,>\\e-''^{e''^^h - e''^h)\\LP,q 
<C||5G|Ly.,,||(e**'"^/i-e**^/i)|U2. 

This shows that /J e-*(*™-")^5G'(2, s, u{z, s))ds /J e"*(*"")^,SG'(;2, s, s))rfs 
weakly in L^(C"). This sequence is also bounded in L^: 



■l2(C") 

g-i(t„.-t)£ ^^^^ ^^^^^ 



L2(C") 



L2{C") 



which is finite by Proposition 13.91 Thus we have the convergence in L'^[C^^ 



f e-'^'"^-'^^SG{z,s,u{z,s))ds ^ [ e-'^'-'^^SG{z, 
Jo Jo 



s, u{z, s))ds. 



Also since 



j!-e-^('--^^^SG{z,s,u{z,s))ds < G\\SG\\,, ^ as 



L2 



tjji — > t, we conclude that u{z, t^) — )■ u{z, t) in W 



1,2 



□ 



Remark 4.2. The above proof also shows that if we consider the initial value 
problem with an arbitrary initial time to 5 then the solution exists on an interval 
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[to — T,to + T] with T given by the same inequahties as in (14 .7^ and (14. 8p but 
with 11/11^1,2 replaced by \\u{.,to)\\^i,2. 

The following two results are used in the proof of Theorem 11.31 

Proposition 4.3. Let $ be a continuous complex valued function on C such 
that |$(w)| < C|i(;|" for < a < Suppose {um} be a sequence in 

L" (^[a, b],W^'P^ n L°°([a, b],W^'^), p=2 + a, q>2, such that 

sup \\u^\\Lo.(iab] VKM) < M < OO. 

lium^u in L'?([a, 6], Lp(C")) then [^{u^)-^{u)]Su -> in L?' ([o, 6], Lp'(C")) , 
for S = I,Lj,Mj; 1 < j < n. 

Proof. Since Mm — ^ in L'^{[a,b], L^^C"")), we can extract a subsequence still 
denoted by Uk such that 

1 

\\Uk+l — 'Wfc||L9([a,6],LP(C")) < ^ 

for all A; > 1 and iifc(2, t) — )■ m(2, t) a.e. Hence by continuity of $, 

(4.9) [$(Mfc) - ^{u)\Su for a.e {z, t) G x M. 

We establish the norm convergence by appealing to a dominated convergence 
argument in z and t variables successively. 

Consider the function H{z,t) = YlT=i \'^k+i{z,t) — Uk{z,t)\. Clearly H G 
L'^ {[a,b], L^{C^)), since the above series converges absolutely in that space. 
Also for I > k, \{ui — Uk){z, t)\ < \ui — ui^i \ H — ■ + \uk+i — Uk\ < H{z, t) hence 
l^fc — "^1 < H. This leads to the pointwise almost everywhere inequality 

\uk{z,t)\ < \u{z,t)\ + H{z,t) = v{z,t). 

Hence 

\muk)-Hu)]Su{z,t)\P' < \ [v'' + \u\'']Su{z,t)\P'. 

Since u,v E L'^ {[a, b], Lp(C")) and p = 2 + a, using Holder's inequality with 
+ £^2: = 1 we get 



(4.10) / \{v'' + \unSu{z,t)\P dz 

< (II^(->^)IIlp'(C")+ ll^(-'^)llLp'(C"))ll'^^("'^)llLf(C")- 

Thus using dominated convergence theorem in z variable, we see that 

(4.11) ||[$(ti,)-$(M)]5M(-,t)|L,,(C")^0 
as A; — )■ OO for a.e. t. 
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Again, in view of Lemma [331 ^^(^ Holder's inequality as above, we get 



< 



Since \\Su{-,t)\\ LP(C") £ L'^ ([tt, b]) and g > 2, an application of the Holder's 
inequality in the t variable shows that 

Hence a further application of dominated convergence theorem in fl4.1ip shows 
that II - SuW^q'^^^^^^^p'-^ 0, as A; -> oo. 

Thus we have shown that mumj - Hu)] Su ^ in L'^' {[a,b], 1^' {C")) 
whenever Um — )■ m in L^(|a, 6], Lp(C")). But the above arguments are also 
valid if we had started with any subsequence of Um- It follows that any 
subsequence of [$(Mm) — ^{u)] Su has a subsequence that converges to in 
L"^' {[a,b], L^' (C^)). From this we conclude that the original sequence 
[$(tirrt) — ^(u)] Su converges to zero in L'^'([a, 6], Lp'(C")), hence the propo- 
sition. □ 

Proposition 4.4. Let {/m}m>i be a sequence in VF^'^(C'^) such that fm ^ f 
in VF^'^(C") as m — )■ oo. Let Um and u be the solutions corresponding to 
the initial data fm and / respectively, at time t = to. Then there exists tq, 
depending on ||/||i^i,2 such that \\u^ - «||Lco([j„^t„+^„]^vKi.2(C")) 0- 

Proof. Let e > and f < ATq, where Tq is as in (14. ip and A as in (14. 6p . Since 
the time interval of existence is given by VF^'^(C") norm of the initial data 
and since ||/m||iyi,2(cn) — ^ ||/|liyi.2(ci) 'we can assume, by taking m large if 
necessary, that both the solutions u and Um are defined on [to, to + f]. Setting 
Gm{z,t) = G{z,t,Um,{z,t)), wc have 

{u^ - u){z, t) = e-*(*-*")^(/„ - f){z, t)-i f e-'^'-^^^lG™ - G){z, s)ds 



for all t < r. In view of Lemma [3. 5[ with S = I, Lj, Mj, we also have 
S{u^ - u){z,t) = e-*(*-*°)^^(/„ - f){z,t) 

-I [ e-'^'-'^^S{Gm-G){z,s)ds. 

Jtn 
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Thus by estimates in Theorem 12.41 we see that for any tq < r 

(4.12) ||5(n„-n)(z,t)|U,([,„,,„+^„],,..) < C\\SiU-f)h 

+C\\S{Gm — G')llL9'([to,to+ro],LP') 

for S = Lj, Mj and J, the identity operator for admissible pairs {q,p)- 

First we consider the case / = 0. In this case the solution u = since 
'H(O) = and the fixed point of "H in is unique. Thus by estimates in 
Theorem 12. 4[ we see that for any tq < f 

(4.13) \\SUn,{z,t)\\Li{[to,to+To],LP) < C\\Slm\\2 

+ C\\SGm\\Lq'(^[tQ,tQ+fo],LP') 

for S = Lj, Mj and /, the identity operator. For S = I, using estimate (13. 3p . 
we get 

||Wm(2^, t)\\Li{[to,to+To],LP) 

+Cr 11' II Wm|lioo([jg^jg+^-j]. 1^1,2) ||«m.|lL?([to,to+fo]^^4/i,p) 

Now we observe that ||^im||L9([jo to+ro] w'^^p) uniformly bounded. In fact by 
choice of tq, from local existence theorem proved, we have ||'Wm||L<j([to,t(,+To],iyi.p) ^ 
Mm which is given by equations (14. 7p and (14. 8p . for each m. Since 



1 if = 

2C||/m||iyi,2 if /m 7^ 



and ||/m||iyi,2 ||/|liyi,2 = 0, we have Mm. < 1 for large m. 

i-i' 

Now choosing tq a value of r small so that Cf~w^ < we see that 
(4.14) \\um\\Li{[to,to+ro],LP{C")) < 2C|| || L2(cn) as m oo. 

Thus in view of estimate (I3.13P and estimate (12. 8p in Theorem 12.41 we see that 
w^^Oin L°°([to,to + ro],L2(C")). 

Similarly, using the estimates (13. 4 p and (I4.13p . we see that Sum. — in 
-^"^([^0,^0 + 7'o],i^^(C")). It follows from estimate fl3Ai|) that ^ in 
L-([to,to + ro],H^'''(C")). 

Now we consider the case / 7^ 0. We choose m sufficiently large such that 
ll/m - /Iliyi,2 < e < 111/11(^1,2. Therefore we have 11/^11^/1,2 < |||/|Ih/i.2 and 
hence again by g21), M„ := 2C||/^||^i.2 < 2M := 4C||/||^i,2. Now by 
(USD, (Bis]), and the fact that Mm < 2M we get 
(4.15) 

lIGm, - G'||iq'([ty_ty_,.^]_ip'(cn)) < C'r"?^ II /II ^1,2 II "f^m - ^^||L9([to,to+f],LP{C"))- 
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This gives for the case S = I, the inequahty 

\\Um - u\\Lii[t 

<C\\fm-f\\L^+Cf'^\\f\\'^,,, 

Now choosing tq a value of f small so that Cf 
(4.16) \\um - u\\L^(^[to,to+To],LP{C")) < C\\fm " /||l2(C") < Ce 



Li{[to,to+T],LP{C'^)) 



99' 



^1,2 < |, we see that 



for large m. Thus in view of Theorem I2.4[ fl4.15p and fl4.16p we see that 
Urn^uin L^{[to,to + fo], i^'(C")). 

For = Lj, Mj using (13.71) . (13. 8p with the notation ■0m = ijj {z, t, \um{z, t)\), 
we have 



S{Gm -G) = IpmSiUm - u) + (ipm " ^)5'm + {dji)m){Um " ^i) 



Mr 



(4.17) 



+ {djtpm - djtp)u + {dAtpm)UrnSt{- 7S{Um - u)) 



U. 



U 



+ {dillJm)UrrM{- -Su) — {d4tlj)u^{ — Su) 



\Ur. 



\U\ 



where dj = d^. for S = Lj and dj = dy. for S = Mj, I < j < n. 

Using the assumption (I1.12p on ip, Lemma [3^ and the fact that Mm < 2M, 
similar computations as in Proposition 13.71 shows that 

^ 1-9' 

\\lpmS{Um - < C'^^O^ || / 1| ^|.l,2 || '5(n„ - u)\\Li([u,,to+ro],LP) 



i 

\\{djiJm){Um - «)llL«'([to,to+ro],LP') < ^fo' 



H/1.2 



L'i{[to,to+To],LP) 



ilm. ^ ^ 



< Cfo^ 11/11^1,1,2 ||5(Mm - M)||L9([io,io+ro],LP) 

Since \\um — u\\Lq([to,to+fo],LP{C")) ~^ and G is C^, so in view of the condition 
(I1.12P on ■0 and Lemma 14. 3[ the sequences (-0^ — il')Su, {djipm — dj'ifj)u and 
{d4iprn)um'^{^\Su) - ((94'0)'u3f?( ||| S'm) couverges to zero in L''' {[to, tQ + fo],LP') 
as m — )■ 00. Hence for large m 



\Ur 



\U\ 



< e. 



Li'{[to,to+To],LP') 
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Using these estimates in (14.171) . we get 

||S'(G'„ - G')||^,/([jjj_jjj+^-,]_^p') < Cto vi' ||/||^i,2||'S'(Mm - tt)||L<7([Jo,to+To],LP{C")) 

_ / 

+C'^0^ 11/11^1,2 Ihm - u\\L^{[toM+ro],LP) + 

Thus from estimates f l4.12p and fl4.16p we see that, for large m 

\\S{U^ - M)||L9([io,to+ro],if) < C'll'S'(/m - /)||l2 + C\\S{Gm - G)\\ Li' {[to M+roW ) 

< Cfo \\f\\'^r,2\\S{Um-u)\\L,[[t^fy+r-o],Lv) 

+ ^^0^^ 11/11^,26 +(C + 3)6 

for large m. Now choose tq < tq so that 

CT^\\frw^a<\ 

we see that ||S'(Mm — M)||L'j([to,to+To],LP) ^ (3C + 6)e for large m. Therefore 
\\S{um - tt)||L9([to,io+ro],Lp) as m CX). 

□ 

Remark 4.5. The conclusions of the Proposition 14.41 is also valid for the left 
side interval [to — ^o, to]- 

Proof, (of Theorem 11.31) By local existence (Theorem 1), the solution exists 
in C([-r,T] : iy^'2(C")). Now, if |h(-, T)||^i,2(cn) < oo, the argument in the 
proof of Theorem 1 can be carried out with T as the initial time, to extend 
the solution to the interval [T, Ti]. This procedure can be continued and we 
can get a sequence {Tj} such that T < Ti < T2 < ■ ■ ■ < Tn < ... as long 

as ||^i(-, Tj) ||^i,2(cn) < 00. Let Tj^ = sup Tj so that the solution extends to 

j 

[0,T+). In the same way we can extend the solution to the left side to the 
interval (T_,0] to get a solution in C((r_, T+), ^^^'^(C")). This leads to the 
following proof of the 

Blowup alternative: Suppose r+ < 00 and lim ||u(2;, t)||,;j/i,2 = Mq < 

t — ^7+ 

00. Then we can choose a sequence tj t ^+ such that ||m(2;, tj)||^yi,2 < 
Mq. From local existence and in view of Remark 14.21 we can choose Tj = 

qq/ 

3^Ci||w(.,tj)||^"^ such that u G C{[tj - Tj,tj + Tj],W^^^). Hence by as- 

sumption Tj > j^CiMq '''' , a constant independent of tj, for q > 2. Thus 
we can choose j so large that tj + Tj > T+, which contradicts maximality of 
T+. Hence if T+ < 00, lim ||m(2;, t)||j^i,2 = 00. Similarly, we can show that 

t — ^T-\- 

lim ||ti(., t)||(yi.2 = 00, if T_ > —00. 
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Uniqueness: Let (r_,r+) be the maximal interval about zero, such that 
the solution u{x,t) exists in C{(T_,T^),W^'^) and in Theorem II. we have 
already shown that the solution exists on [— T, T] C (T_, T+). We first consider 
the sub interval [0,T] C [0,T+). 

Suppose that there exist two solutions u and v of equations fll.6p and (11.71) 
on [0,T+). In particular for r G (T, T+), we have 



u{z,t) = e-'^^-^^'^u{z,T) -i j e-'^^~'^^G{z,s,u{z,s))ds. 
v{z,t) = e-'^^-^^^v{z,T)-i [ e-'^^-'^^G{z,s,v{z,s))ds. 



Since the solution given by the contraction mapping is continuous and unique 
on [0,T] C [0,T+), we have u{z,T) = v{z,T). Hence using an inequality as in 
(Ol) . this leads to 



\U — V\\Lq{[T,T],LP{C")) 



r 

^~i{t~s)c ^G{u)-G{v)){z,s)ds 



Li{[T,t],Lp{C")) 



q — q 

< G[t - T]^ M^^J\u - v\\Lq{[T,T],LP{C"))- 

for all r G [T,T+) where Mt,^ = max{\\u\\^^f^^^^^^^^,^2y\\v\\L^(^[T^^j^^i,2^}. 
Since u,v E C (^(T_,T^),W^'^^, we have Mt^t < oo. In particular choose 
T G [T, T+) such that C\f - T]^ M^- = c < 1, so that 

< (1 — c)\\u — 'y||i9([T,f]:LP(C")) — 0- 

Hence u = v on the larger interval [0,T]. 

Now let 9 =sup{T : < T < T+ : — 'u||i<3([o f] lp) ~ 0}- If ^ < then by 
the above observation, ||M — v||L<3([o,e+e], lp) = for some e > 0, which contradicts 
the definition of 6. Thus we conclude that 6 = Tj^, proving the uniqueness on 
[0,T+). Similarly one can show uniqueness on (T_,0]. 

Stability: Let {fm}m>i be a sequence in W^''^{C"') such that fm^fin W^'"^ 
as m — > oo. Let Um and u be the solutions corresponding to the initial data 
fm and / respectively. Let (r_,r+) and {Tm-,Tm+) be maximal intervals for 
the solutions u and Um respectively and / C (T_, r+) be a compact interval. 

The key idea is to extend the stability result proved in Proposition 14.41 to 
the interval / by covering it with finitely many intervals obtained by successive 
application of Proposition 14. 4[ This is possible provided Um is defined on /, for 
all but finitely many m. In fact, we prove / C {Tm-,Tm+) for all but finitely 
many m. 
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We can assume that G / = [a, 6], and give a proof by the method of con- 
tradiction. Suppose there exist infinitely many Tm^+ < b, let c = liminf Tmj_i-. 
Then for e > 0, [0, c — e] C [0, Tmj+) for all rrij sufficiently large and Umj are 
defined on [0, c — e]. 

By compactness, the stability result proved in Proposition 14.41 can be ex- 
tended to the interval [0, c — e] by covering it with finitely many intervals 
obtained by successive application of Proposition 14.41 Hence 

||m„^,(.,c- e)||^^i,2 ||m(.,c- e)||^i,2 as j oo. 

Also by continuity we have 

ll^(->c- e)||j^i,2 \\u{.,c)\\yyia as e ^ 0. 

Therefore, for any 5 > 0, we have 

/ / 

qq qq 

(4.18) \\um.,{.,c-e)\Qy' > S whenever ||^(., c)||^"f^ > 6, 

for sufficiently small e and for all j > jo{e). Therefore by applying the local 
existence theorem, with c — e as the initial time, we see that Um ■ extends to 



[0, c — e + ^ II "Umj (• ) c — e) || ^^^j for large j. Now choosing e < ^ S, we have 

by dug) 

c-e+ Y^\\um,{., c - e)\\^,y^ > ^ + ^"'^ ^ - •^o(')- 

It follows that Tj-n^^ > c+^S, hence contradicts the fact that liminf Tm^^ = c. 

Similarly we can show that [a, 0] C (Tm_,0] for all but finitely many m 
which completes the proof of stability. □ 

5. Appendix 

In this section we show the equivalence of the differential equation fll.6p . 
(11.71) and the integral equation (11.91) . 

Lemma 5.1. Let u e L°°(/, iyi'2(C")) n L''(/, iyi'P(C")) and G as in ffTTT]) . 
(I1.12p . Then u satisfies the non linear Schrodinger equation (II. 6p . with initial 
data (ll.7p if and only if u satisfies the integral equation (II. 9p . 

Proof. First observe that the following equalities 

(5.1) 1^^"*''^) = -^^e-**""/ 

(5.2) |- / e-'^'-'^^G{z,s)ds = -iC [ e-'^'-'^^G{z, s)ds + G{z,t) 
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are valid in the distribution sense for / G L^(C"), G G L*^' {!■, L/'). Using these 
we now show the equivalence of the initial value problem (II. 6p , (11. 7p and the 
integral equations (II. 9p . 

Note that G{z, s, u{z, s)) G L^'il, W^'P'iC'')), whenever u G L°°(/, W^'^{C''))n 
L'^{I, VF^'^(C")) by Proposition 13.71 Hence if such a u satisfy ( 11. 9p then using 
(15.11) and (15. 2p . we conclude that u satisfy (II. 6p and (II. 7p . 

On the otherhand, if u satisfy (11.60 and (11.71) then the function v given by 

v{z,t)=u{z,t)-e-''^f + i [ e-''-'-'^^G{z,s)ds. 

Jo 

satisfy 

idtv{z, t) — Cv{z, t) = 0, 
v{z,0) = 0. 

The unique solution to this linear problem is given by v{z,t) = e-'^^v{z,0) = 
since ^^(2^,0) = 0. Therefore u satisfies (II. 9p . 

Now we prove (15. ip and (15.21) . Let G (C" x J). Since / is an open 
interval, supp (p G A x B, for some compact set A C C" and some compact 
interval B G I. Clearly, 

dt dt 
Also since ^(-2, ■) has compact support in / for each z, Jj ^(e**'^0)c?t = 0, hence 

(5.3) ^ e-'^'^j^dt = e-'"^iC4>dt = i e'^C(j)dt. 

Using this and the pairing (/, (p) = J fCp, we see that 

This proves (15.11) in the distribution sense. 

To prove (15.20 . choose a sequence {Gm} in Cc {A x B) such that Gm G 
in L'i'{B, LP' {A)). Note that G„ G L'^{A x B) hence, 

lim \ \^e-'^t+h-s)c _ g-i(t-s)£j ^^(^^ ^) ^ -z£e-*(*-^)^G^(z, s) 
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and \ime~^^*~^^^Gm{z, s) = Grn{z, t) where both the hmits are taken in L^(C") 

sense. Thus as an L^(C") valued integral on /, we have 
ft 

e-'^'-'^^Gmiz,s)ds 



t Jo 



(5.4) 



limi (^J^^ e-'^'+'^-'^'-GUz, s)ds - e^^(*-^)^G™(2, s)ds^ 

1 rt+h 

lim- / fe-Kt+h~s)c _ e~'^t~s)c^Q f 
h^ohJo 

1 rt+h 

+ lim- / e-''^'-'^^Gm(z,s)ds 

-iC [ e~'^'~'^''GUz,s)ds + GUz,t) 
Jo 

Observe that [ e~'^'^'^^Gm{z, s)ds ^ [ e-'^^'-'^^Giz, s)ds in L'^ {B; Lp{A)) 

Jo Jo 

as m — )■ oo. This follows from estimate (12.71) since S is a bounded interval. 

Thus using (15. 4p . we see that 

r e-^(*-^)^G'(^, s)ds, = lim / T e~^(*-'')^G„(^, s)ds, |- 

Jo 4 / \ Jo 

= lim /-| f e-'^'-'^^GUz,s)ds,<P 

= lim (iC [ e"''^'~'^^Gm{z,s)ds - G^{z,t) 

= lim / / e-'^'-'^^Gm{z,s)ds,-tC(l)\ - {G{z,t) 
'"^^ \ Jo I 

e~iit~')'^G{z,s)ds,iC<p^ - {G{z,t),<f)) 



This shows that fl5.2D holds in the distribution sense. □ 
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